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Abstract In this paper we consider the recurrent equation

1 < q
A =— —— AN -
p+1 qu_;f<p+1> q4iip+l—q

for p > 1 with f € C[0,1] and A; =y > 0 given. We give conditions on f that guarantee
the existence of y© such that the sequence A, with A; = y tends to a finite positive limit

as p — oo.

Keywords Separating solution - Quadratic recurrent equation - Mellin transform

1 Introduction

The following problem arose in the joint papers of the first author and Dong Li (see
[2, 3]). Let f be a continuous real-valued function on [0, 1]. Define the sequence A, for
p=12,... by

1< q
App1= » Zf(m)f\ql\pﬂ—q )]

q=1
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and set A =y > 0. We shall occasionally write A ,(y) to emphasize the dependence of A,
on the initial value y. It is clear that A ,(cy) = c” A, (y). Therefore if A,(y) = oo as p —
oo and ¢ > 1, then A, (y') — oo as p — oo where y’ = cy. On the other hand if A ,(y) — 0
and 0 < ¢ < 1, then A,(y") — 0. Thus A,(y) — oo for y € (y*, 00), and A ,(y) — 0 for
y € (0, y7), where y* =inf{y: A,(y) - oo} and y~ =sup{y: A,(y) — 0}. It is a natural
question whether y* = y~ = y© and whether Ap(y(o)) — const as p — 00. Itis easy to see
that this constant must be ( fol f(x)dx)~!, and it is our first assumption that the last integral
is positive. It is enough to consider the case fol f(x)dx =1 because if f (x) = Kf(x) for
a constant K, then A ) =K A »(¥). If the answer to our question is affirmative then
A, (y©) is called the separating solution of (1).

This problem was considered previously in [1, 4]. The analysis in [1] covered the case
f(x) = 6x% — 10x + 4 needed in [2]. The analysis in [4] was based on a different idea but
unfortunately had a number of gaps. This paper is a modified and corrected version of [4].

Before we give the assumptions we impose on f, we remark that f(x) and f(1 — x)
produce identical sequences. Therefore the existence of a separating solution depends only
on f1(x) = f(x)+ f(1—x). Of course establishing existence of a solution for f guarantees
its existence for g if g; = f;. Given f;(x) one can find f(x) so that f(1) = 0. Thus we
assume that f(1) = 0 without loss of generality. Now we impose the following conditions

on f:

1. feC?o0,1];

2. fi is positive on [0, 11N Q;

3. all complex o # 1 satisfying fol t? f1(¢)dt = 1 have the property that Reo < 0;
4. anumerical condition to be explained later.

Observe that an assumption similar to 2 is necessary as A, will vanish for p sufficiently
large if f; vanishes on too large a set (e.g., if f; (%) = 0). Assumption 2 effectively ensures
that A, > O for all p. Finally we introduce functions

1 X
A =-af0) and fiw=- / L.
0

Define a, > 0 for p > 1 by the condition A ,(a,) = 1. Assumption 2 above makes this
possible. The strategy of the proof will be to show that a, — a, sufficiently rapidly. Take
positive constants A and B with B < 1 < A and consider the inequalities

B<a,  lay—ayi|<A/p**, 2
where p is given and § € (0, %) will be chosen later and will depend on f;.

Theorem (Main Theorem) Let f satisfy assumptions 1-3 above. If for some py (depending
on A, B, and f) the inequalities (2) hold for p < py, then they are valid for all p > 1.

Our proof will be inductive. We shall assume (2) for p < r and prove it for p =r 4 1. This
will imply that the limit lim,_, o @, = as exists and A ,(a«) will be the desired separating
solution.

The rest of the paper is structured as follows. In Sect. 2 we derive a recurrent equation
for a,. In Sect. 3 we solve this equation using the inductive hypothesis. The last section
consists of numerical analysis and outlines further research on the problem.
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2 Recurrent Equation for a,

We shall denote absolute constants by C with superscripts in the course of this calculation.
We have that

Api1(ap+1) — Apyi(ay) = —(Apri(ap) — Aplap)). 3
Puty:%,pzzp—pl,)/:%.Then

1 < 1 <
Apsilap) = — D LA @) A pii(ay) ==Y F)(A (@) = D(Apypi(a,) — 1)

p1=1 p1=1

+= Z FONWB @) =1+ = Z FONApa(ay) — 1) — = Z o)

ri=l1 pi=1 pi=1

1 P
; Z FH@, @p) = D(Ap,41(ap) — 1)

1 & 1<
o D AGNA, @) —1) - > >,

r1=1 p1=1
A similar formula can be written for A ,(a,):

124
Ap(ap) = ﬁ Z f(y)(Apl (ap) - l)(Apz(ap) - 1)

r1=l1

1 2 1
o1 DA, @) =1 - - ).

p1=1 pi=1

Subtracting A ,(a,) from Apyi(a,) we get

1
Ap-H(ap) - Ap(ap) = ;f( i 1)(A (ap) 1)(A1(ap) -1
Z( f) - —f(y))(Apl(ap) D(Ap,ap) — 1)
pi=1

p—1

1 ’
+ ; Z f()/ )(Apl (ap) - 1)(Ap2+l(ap) - Ap2 (ap))

r1=1

f< il)“‘" H(ay) — 1)

]
|

1, 1
+ 1(;f1 ) - Efl (7/))(1\,;l (ap) — 1)

(55 ) pl(l s ) 7
+—f(—)- - - =310,
pf(p+l Yy w) =2

r1=1

@ Springer



606 Y.G. Sinai, I. Vinogradov

We estimate /5. It will be shown that I ) is the main term while the others have a
smaller order of magnitude. This term produces the recurrent equation that we shall analyze
in Sect. 3

It is readily seen that I;“) = ¢V, where |¢(]]
Rewrite the term as

1 ] , 1 ap Pl !
;(fl( )—f(%“)m>< p—1(a,_ 1)<ap 1) — >

It is clear how to bound the second term in the first factor. The second factor can be written
as

< cWa

< ——+5. The reasoning is as follows.
Bp**

p—1 k
(=) )
1 Llp 1 k

whence it is easy to see that it is bounded by const - The estimate for the fourth term

Bp l+é
follows.

We go on to

p—1

L,
I]ES):Z (;fl()/)— b1

pi=1

fl (V)) (Ap] (ap) - 1)

For the first factor in the sum we get

fz(J//)

S (2)
p(p—1)

@ . . .
where |£§)2)| < % The second factor is more complicated and we first rewrite it as

Pi k
a,—a a,—a p
r mpl_Z(p p]) (kl).
al’l k=2 al’l
The last term of this expression is not more than C;) (3 A2, Multiplying out gives the follow-
ing expression:
[(5) Z vh (J/ ) ap —ap, +&®

p
Pllp 4p

1A
and |8;;3>| <Cc® P12 (§)2~
Now we deal with three relatively simple terms. Let us begin with the seventh one:

p—2

1, 1
19=-3" (;f(y ) — Ff(y))

pi=1

GGG GE) ()]

p1
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1 = P1 P1 / P1 (4)
IR Z[f<p+1) T+’ <p+1>] e

/ FO) + 7 F Oy + 9.
p(p 1

Our assumption that f(1) = 0 implies that the last integral vanishes. Thus, I{” = ¢'> and
1e®)] < c®
P — p2 ° .
. ©
It is easy to see that /" =0 and |I{”] < Cp—z

To estimate / 152) we rewrite it as

14 ’ / / P1 k
@ _ _V/f ¥+ fw) (6)>|: (ap_am) (pl)i|
= 3 (D ) [ () (4

pi=1 k=1

x[,fé(%)k(iz)]-

The terms in the brackets are bounded by C7 -2 and c® A 5,7+ Thus the estimate for this
2

term becomes C© )W
Finally for the third term we need to estimate

Apy1(ap) — Ap,(ap).

It is not difficult to see that |A,,11(ay) — A, (a,)] < Cff&) (% A3, Combining this with the

remaining factors gives the bound C!V PIIW (4)’ for I ;,3). We have used the fact that f(x) <
C(1 — x) in the last step.
Now we can put the seven terms together and see that

ny(V ) a 7
Apii(@pin) = Apyi(ay) = Zl e ”am 2Ly g0
p1

(12) . . . .
where [¢(1| < Cl —5 (4)°. A simple calculation gives the recurrent equation

(p+ 1)z =% Z vfa (V ) ap —ap, ne® @

Pllp @p

(13)
with [eff)] < 5 (5)°.

. . . . . ap—a
Our objective in this section is to derive a recurrent equation for b, = 2"”—”‘ Thus
14

we rewrite (4) using b, rather than a,. We take a positive integer Q < p and get

—p[z+ )3 }sz(”“ﬂa o),

p1=1 p1=0+1 n
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c<4)A

Now the sum from 1 to Q gives a contribution bounded by £ Q' For the sum from

O + 1 to p we observe that

The left hand side can be written as

14
b‘i 10
—+8( )
¥ g

q=p1+1

c“5>

with [£(}7] < (4)? provided Q is chosen sufficiently large and independent of p. Using

this fact we 51mp11fy our equation to

P
b
bpi1 = —p§ YRG5~ by oy 5)

—1
r1=1 p q=p1+1

(6
with |s(“)| <€ o ( ). After changing the order of summation we obtain the equation

bpp1 = Zb fz( >+8;,12> (6)

with [(?)] < (4)°. This is the equation we set out to solve; it is effectively a linearized

version of the original equation.

Cm)
r?

3 Analysis of the Recurrent Equation

It will be more advantageous to have a continuous equation rather than a discrete one. To
this effect we need to define b(x) that would agree with b, when x = p. First we observe
that (6) can be written as

1 p
S TACIETE
pig p

with a different constant in the estimate for the error term. Now we can extend b as follows:
set b(x) = b|) with b(x) =0on [0, 1). Then we have

1 1 14 q/
b dy = — b, —
/0 (o3 f5()dy pq; m(p)

with ¢’ € [¢,q + 1]. It is easy to see that this sum differs from the one in the recurrent
equation by not more than % Z;;l b,. The new error term &(x) will incorporate this term

as well as ¢, It is also clear that we need to add lower order corrections to &(x) to ensure
that b(x) remains constant for non-integral x.
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The equation to solve is now
1
b = [ b))y + e )
0

The error term is |e(x)| < CX(TI? (we are dropping the dependence on A and B for now).

Proposition 1 Let f3 be given as before and let

1
Y= {a eC: / t"f3(t)dt:1}.
0

Then all b(x) satisfying (7) with €(x) as above are (possibly infinite) linear combinations

of elements of |, .x{x?, x" logx, ..., x° logl‘f1 x} U {b.(x)} where k = k(o) denotes the

multiplicity of o, and the special solution b.(x) has the property |b.(x)| < CX(TI?

oeX

Proof This proof can be carried out in a simpler way using the Mellin Transform, but we
shall stick to the Fourier Transform as it is more common. To this end we set x = ¢f,
y=e", B() =b(e), F(n) =—f3(e e, E(&) = e(ef). We also extend f; to be zero
on (1, 00). We get

B(§) :/ B(& —n)F(n)dn+ E(§).

o]

Taking Fourier Transform of this equation yields

E(Q)ZL@.
1— F(x)

Of course we only require that these are equal as distributions. Now o (—ia) = fol t* f3(t)dt,
so we need to look where it attains the value one. It is precisely on the set i X. To invert B,
we shall integrate along a contour that goes around points in i ¥ (one can easily see them to
be isolated) and stays on the real line otherwise. The integral away from the poles will give
b.(x) and can be bounded as follows. We know that |E(£)| < Ce™2% (hence the Fourier
Transform is analytic in a strip centered at the real axis) and that —— is meromorphic.

1-F(a)
%)V(S) = b,(e®) is the same as that for E(x). Integrals near

poles evaluate to residues at those poles, up to constants. For a simple pole at o’ the residue
is €/4®’ . Residues at higher order poles are obtained in the same way. The result is immediate
once we return to the original variables. |

Thus the decay rate for (

The next proposition will allow us to better understand the structure of X.

Proposition 2 With notation as above, the set
Y N{o €C: Reo > oy}
is finite for each oy > —1.
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Proof Let us look only at the real part; in this calculation o = u 4 iv. We have

1 1
/ cos(vlog)t" f3(t)dt = —1/ sin(vlogt)i(ﬁ(t)t““)dt.
0 v Jo dt

It is clear that the last expression tends to zero uniformly in @ as v — oo provided p >
op > —1. O

This Proposition allows us to study ¥ more carefully. Since

L[ !
)= fit) — 1_2/ xfi1(x)dx and/ filt)dt =2,
0 0

we always have 0 € X. Set

1 1
Fl(a):/ t° fi(t)dt and F3(a):/ t? f3(t)dr.
0

0
Then
o
o—1
for o # 1. This means that it suffices to look for solutions to F;(c) = 1. It is easy to see
that F;(0) < 1 when Reo > 1 even without Assumption 3. It is also clear that F5(1) # 1.
Therefore Assumption 3 effectively says that there are no solutions to F3(¢) = 1 in the strip

0 <Reo <1 with the exception of o = 0. Thus ¢ =0 is the solution with the largest real
part. However, this solution is extraneous to our problem because it implies that % ~
p—

C/p? and thus
(1 e ] —a,,)” — e €.
ap

This is only possible when C = 0, so this solution does not work in our situation. To this
end we define ¥’ = X \ {0}.

Suppose X’ is nonempty and let 0; = max{Reo : o € '} < 0; it exists by Proposition 1.
Then choose § so that o; < —& < 0. Then the slowest decaying solution b, behaves at worst

1
Fi(0) — —— = F3(0)
o—1

like p°! and
_ P
(1 _ oo_> Y
ap
This means that a., is the desired separating solution. If ¥’ is empty, define § = }l and
o] =— % Then the same result holds. It is clear that A and B remain bounded in either case.

4 Numerical Analysis

While the Main Theorem is true for f satisfying Assumption 3, numerical calculations
suggest that it is true even without this assumption. First we show how asymptotics work for
a function satisfying this assumption, say f(x) = 6x% — 10x + 4. From Fig. 2 we see that
pb, — 0, which is expected as X" = ¢ for this function. It is reasonable to infer from Fig. 1
that a separating solution exists and that the starting value is approximately 1.412729.
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Fig. 1 The sequence ap for 1.415
f(x)=6x2—10x +4
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Fig. 3 The sequence ap for 3.001
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Next we consider the function f(x) = 9x®. It has %’ &~ {—0.234067 & 2.11581}. Fig-
ure 4 shows p~”'b, and cos(Imo log p) (the smaller graph is the cosine). We see that
the consecutive extrema of the rescaled b, are at about the same absolute heights. In ad-
dition, we note that zeros of the two functions alternate. Therefore, it is plausible that
Scos(Imo log p + T) will coincide with our function for sufficiently large p. Figure 3 sug-
gests that a separating solution exists and that a., ~ 2.95072.

Finally we look at f(x) = 13x'2. It has ¥’ & {0.105896 % 1.97567i}, and our theorem
does not apply in this situation. Nevertheless numerics show that a, exists, and its value is
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Fig. 4 The sequences 6
p0‘234067b and
cos(2.11581log p) for 4
fx) =928
2
P R R B ‘M\/‘/’_‘/“/d\
2000 0 4000 5000
2
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Fig. 5 The sequence ap for 4.0
fx)=13x12 W
394

0 200 400 600 800 1000 1200 1400
Fig. 6 The sequence b, for i
fx)=13x"2 15p
10}
5[

Ml 200 400 600 8001000 1200 1400

approximately 3.688371 (see Fig. 5). The sequence b, in Fig. 6 doesn’t seem to follow the
asymptotic prescribed by o;. It is unclear how to pick § for such a function since the error
term 8;7] 2 does not have good decay when § < 0. Apparently Assumption 3 is not necessary
for the Main Theorem to hold, but in this case the structure of solutions to (6) is unclear.

Acknowledgements We thank Dong Li for useful discussions.

@ Springer



Separating Solution of a Quadratic Recurrent Equation 613

References

Li, D.: On a nonlinear recurrent relation. J. Stat. Phys. 134(4), 681-700 (2009)
. Li, D., Sinai, Y.G.: Blow ups of complex solutions of the 3d Navier-Stokes system and renormalization
group method. J. Eur. Math. Soc. 10(2), 267-313 (2008)
3. Li, D, Sinai, Y.G.: Complex singularities of solutions of some 1d hydrodynamic models. Phys. D Non-
linear Phenom. 237(14-17), 1945-1950 (2008)
4. Sinai, Y.G.: On a separating solution of a recurrent equation. Int. Sci. J. Regul. Chaotic Dyn. 12(5), 490-
501 (2007)

N =

@ Springer



	Separating Solution of a Quadratic Recurrent Equation
	Abstract
	Introduction
	Recurrent Equation for ap
	Analysis of the Recurrent Equation
	Numerical Analysis
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


